ABSTRACT
The models that teachers have are usually based upon their own experiences as students. These models are very robust, but can be altered through active involvement.
Teacher development that effectively modifies teachers' internal models needs to include enhanced subject matter knowledge, knowledge of how children learn the subject matter and how to create environments where students' depth of understanding will flourish (Schorr & Lesh, 2003 understand that because the original models were so robust, the changes remain fragile for a while. Therefore, the newly developed ideologies are vulnerable when teachers face great challenges such as high-stakes testing.
The explorations into how students build computational knowledge that were part of the design of this study were built around the context of fractions. In the process of analyzing data for another study (Bulgar, 2009) ,it became apparent that the subjects had, in fact, invented their own strategies for understanding and fluently computing problems involving the division of fractions, thought to be among the most difficult elementary and middle school topics in mathematics (Ma, 1999) . Since the context in which this study took place is fractions, some exploration of existing literature regarding the difficulties that students encounter when studying fractions for understanding, as well as an exploration of teaching, is considered to be pertinent.
Historically, many students have experienced great difficulty in solving problems involving fractions (cf. Tzur, 1999; Davis, Hunting & Pearn, 1993; Davis, Alston, and Maher, 1991). When considering these difficulties, Towers (1998) states that traditionally, the teacher has been seen as separated from the student, and that teaching and learning have been regarded as discrete entities. Towers' research (1991) examines the role of teacher inter ventions in the development of students' mathematical understanding, and her findings suggest that children can overcome some difficulties traditionally related to fractions, when appropriate conditions are in place. These conditions exclude didactic teaching of algorithms without understanding the underpinnings of the tasks, and achieve little more than procedural competency, which is easily confused or forgotten. 
RESEARCH PAPERS
1. Traditional in this paper refers to the type of didactic classroom environment described by Cuban (1993). 2. It is necessary to distinguish between the conceptual "models" that are embodied in the representational media that teachers and students use, and the "mental" models that reside inside the minds of teachers and learners (Lesh and Doerr, 2003) . In this work, the robust internal models that all teachers build about teaching will be considered. ( 
Method

Research Question and Hypothesis
The hypothesis that guided the work in this paper is that students who are permitted to study mathematics with a focus on inquiry, discovery and innovation also develop the skills needed to be competent and in fact are often much more successful in test performance than their peers, who were taught by traditional means. This would counter many beliefs held by traditionalists who insist that students should be taught mathematics in a very didactic way, with an emphasis on procedural learning.
Additionally, it would refute the argument that has influenced many teachers, which is that success on standardized testing can only be achieved through direct teaching of procedures that do not require contextual, deep understanding.
Also explored in this study is an explanation of why teachers who are committed to the teaching mathematics in a non-traditional manner, lapse into procedural, didactic teaching when faced with standardized test preparation.
Data
The initial data collection was formulated for a study of the use of representations (Bulgar, 2009) . During the data analysis, it was noted that students seamlessly and flexibly applied skills that enabled them to compute decontextualized problems relating to division of fractions, even though they had not previously experienced such computation in class. The significance of this awareness is that it confirms that students can and do develop computational fluency as they build mathematical reasoning through problem-solving, even though computation is not taught directly. This could have great impact upon teachers who struggle to balance their beliefs about teaching mathematics with the fear of student failure on standardized testing.
In the spring of 2010 and the spring of 2011, through implementation of a grant, the author was able to observe a group of middle school teachers as part of two graduate courses being taught to these teachers. During the spring, test preparation becomes part of the mathematics curriculum. When the work was completed, a questionnaire about the relationship between teaching and testing was administered. There is a log of the observations in the classrooms visited and the mentoring that took place during both semesters. That log will provide a secondary source of data to be examined. The purpose of including this cohort of teachers in this study is to emphasize that teachers who are fully committed to inquiry-based teaching revert to traditional methods as a form of test preparation. This adds the following question, which is explored through models and modeling theory.
Why do teachers revert back to more traditional forms of teaching as a means of test preparation, even though they are convinced that superior teaching methods exist?
Setting, Subjects and Tasks
The first data set was collected in a suburban parochial school that attracted students from several surrounding towns. All of the students were female and in sixth grade at the time of the study. The author was the mathematics teacher for these students during both fifth and sixth grade. Over the course of the two years of schooling, these students were not taught any algorithms and the classroom culture was such as to allow for safe exploration of problems that would help students develop mathematical reasoning. The data for this paper were collected as the students worked on a series of fraction division tasks. Some were problem solving tasks and some were computational tasks that were to be solved using a representation of their choice.
The secondary data set, consisting primarily of an observation log, mentoring log and anecdotal information was collected by the author as part of the 3 implementation of a NJ State grant . These data were collected during the spring of 2010 and the spring of 2011, the times customarily devoted to standardized test preparation. This school is in an urban setting and has consistently done poorly on standardized tests. It is a large district having 3 middle schools. At the time of this writing, scores for the most recent testing were not available.
Results and Discussion
Sixth Grade Students
Since this same group of students, with two exceptions, had been instructed by the same mathematics teacher the year prior, many longitudinal aspects of the teaching and learning of mathematics can be examined.
One of the activities completed in the fifth grade, in May Students were asked to find the number of bows that could be made from the above lengths of ribbon when the bows required 1/2m, 1/3m, 1/4m, 1/5m, 2/3m or 3/4m of ribbon to be constructed.
Since this problem was assigned in the spring of fifth grade, the classroom culture had been well-established.
Students were familiar with not being told how to proceed, but were merely given a task to complete in which the RESEARCH PAPERS note, "The generalizing across problems, across models, and across operations is at the heart of models that are tools for thinking."(p.81).
Fosnot and Dolk (2001) also indicate that just because we create a problem with certain models in mind, we cannot be assured that these models will be used by students. By creating a problem that was intended to be fundamentally similar in structure to the Holiday Bows yet Approximately six weeks after the students had begun their work on Tuna Sandwiches, they were assigned two non-contextual problems, one at a time, to see how they approached solutions. The first problem was: 2 ÷ . In addition to finding a numerical solution, students were instructed explain how they arrived at their solutions. This problem followed the structure of the ones the students had worked with contextually in both fifth and sixth grade.
That is, it consisted of a natural number being divided by a common fraction, which up until that point had been the most difficult type of problem they had experienced while working with division of fractions.
One issue that often arises in division of fractions is the need to change the unit while finding the solution. These students did not encounter such a misconception since their solutions were anchored in their concrete constructions. They gave meaning to the numbers. For example, when students divided two meters of ribbon into bows that required 3/4 m for each bow, they were able to understand that the solution represented 2 bows.
All of the students built linear models, which is interesting Again, students were encouraged to use any tools and skills they had to make sense of the problem. The latter is important for students to be successful in the computational requirements of standardized testing.
After looking at the students' work, it appears that they all tried to make sense of the meaning of the expression, ÷ However when it came to direct test preparation, there was a variety in the reactions to the mandate to use the commercially prepared test booklets. Only one teacher of the ten did not use the booklets at all. She felt confident in her ability to help the students to succeed within the context of her regular classroom activities. For a first year teacher, she displayed a remarkable ability to engage students and maintain classroom management.
One teacher with over a decade of math teaching experience viewed the test preparation booklet compliance as something external to his classroom work, but something that was required. This teacher was pleased to learn how the work in the practice booklet could be converted to more engaging work for his students. The practice tests mentioned above had a negative impact on the students. 
RESEARCH PAPERS
Conclusions and Implications
The surge of teaching reform based upon successful education programs in other countries and the body of research generated have prompted the United States to take action towards improved teaching and learning of mathematics. With the education landscape being greatly impacted by an increase in standardized testing and the high stakes attached to this testing for students, for teachers, for administrators and for the tax payers of districts supporting their schools, all of these stakeholders recognize the gravity of the need for students to achieve high scores. This has left many teachers and school administrators with a dilemma regarding the effectiveness of their newly acquired teaching methods; they are challenged by the fear that students will not demonstrate their knowledge when tested as well as if they used more traditional means of test preparation.
The students in this study were able to solve problems that were decontextualized and therefore demonstrated that they could invent strategies for computation. This is the nature of many problems that are found on standardized tests. Even though the students had not been shown a procedure to compute these problems, they were able to reason effectively to present a solution. Accuracy was universal. Students were even able to extend their knowledge to areas which were far beyond their realm of experience (division problems where the quotient was less than one.) They demonstrated their constructions of sense-making about the meaning of these problems. It is these are skills that will help students succeed on standardized tests. All of the students in this sample did very well on the standardized tests they took at the end of both years, scoring in percentiles ranging from the 80s to the high 90s, though no time was devoted to acquiring procedural knowledge in the forms of algorithms and no time was spent specifically on "preparing for the test." This should provide teachers and school administrators with evidence that students can and in fact are successful on standardized tests if they have been taught mathematics in a manner that fosters inquiry and discovery.
Teachers claim to prefer teaching mathematics through inquiry, discovery and problem-solving. They notice, and it is evident in parts of the mentoring log, that students are more engaged by these methods than they are by experiencing didactic, traditional means of teaching. Yet, when teachers are engaged in test preparation, they see that portion of their curriculum as separate and discrete from the successful, engaging strategies that have been shown to build mathematical reasoning in their students.
Therein lays the paradox that is central to this paper.
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